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A CASE STUDY OF ANALYSIS METHODS FOR LARGE DEFLECTIONS
OF A CANTILEVER BEAM
INTRODUCTION
Occasionally the analyst is required to predict the maximum bending deflection and moment of a
cantilever beam where the usual linear methods are insufficient. This occurs in slender beams, such as
springs, when deflections are large enough that the exact nonlinear Bernoulli-Euler equation must be
solved. The basic assumption is that the beam is flexible enough to allow large deflections while the
strains remain elastic. Other assumptions are that the beam is initially straight and of uniform cross
section and that the bending does not alter the length. This report illustrates analyses via closed-form
solution and finite-element methods for three common load cases and presents nomograms for easily
obtained approximate solutions.
CASE I: Deflection of a Cantilever Beam With Load P,
Which Remains Vertical, at the Free End 1
The length of the beam (undeformed or deformed) is given by
L1 = L-L,2,
where L2 is the imaginary portion of the beam. 1 Now




L, = 1 {K(p)-F[p, sin-' (0._71)]} ,
where
k = _/_-/ ,
and E is the material modulus of elasticity and I is the area moment of inertia. K(p) = Legendre's com-
plete elliptic integral of the first kind and
_o_B 1F(p,cp B) = [dt///(1-P 2 sin2 _)2-] ,
is Legendre's elliptic integral of the first kind. Where, for this case,
since
and
B = sin-! (0.7071/p) ,
-sin 1 0 B= p(sin ¢_B) ,
O B=--I _ .




the horizontal deflection of the end of the beam is
6h =LI-hc°s_ ,
and the vertical deflection is
where E(p) is Legendre's complete elliptic integral of the second kind and
fo _BE(p,¢B)= (l-p2 sin 2 Ig)½d V ,
is Legendre's elliptic integral of the second kind. The geometrical representation of most of the above









Figure 1. Case I variables and geometry.l
2
An exampleproblem(example2,ref. 1)will nowbesolvedto demonstratetheuseof these
equations. Find the horizontal and vertical deflection of the end of a 150-inch long horizontal cantilever
of 21/2 by 1/4 inch cross section with a vertical load P = 5 lb applied at the end (E = 30×106 lb/in2).
I = bt3112 = (2.5)(0.25)3/12 = 3.2552×10 .3 in n ,
E1 = 9.7656×104 lb-in 2 ,
P/El= k2 = 5.12x10 -6 in -2 _k = 1/139.754 in -1 = 7.1554x10 -3 in -1 ,
L_ = 139.754{K(p)-F[p, sin -_ (0.7071/p)]} = 150 in .
This equation can be solved for p by trial and error in the following manner:
150 = 1.0733 ,
K(p)-F(P,O s) = 139.754
where
0 B = sin-1 (0.7071/p) ,
and intrad-,-ing the expression
= sin ½ 0 c (ref. 2)P 9
where 0¢ is the rotation at the end of the beam relative to the vertical axis. Initially let Oc = 100 ° which
is a 10 ° rotation of the end with respect to the horizontal axis.
p = 0.766 _ On = 67.3766 ° •
Use elliptic integral tables to find K(0.766) and F(0.766,67.3766°).
K(p) = 1.9356 at sin -1 (0.766) = 500
and
F(p,0_) = 1.3414 at sin -1 (0.766) = 50 °
(linearly interpolated values between 67 ° and 68*).
K(p)-F(p,gpB) = 0.5942 _ 1.0733 ,
therefore try another value of Oc. Let
Oc = 140" _ p = 0.93969 _ 0e = 48.8057*
Using elliptic integral tables again,
K(p) = 2.5046 and Ffp, OB) = 0.95792 ,
K(p)-F(pOB) = 1.54668 _ 1.0733 ,
therefore try another value of Oc. Let
3
Oc = 120" =_p = 0.86603 =a _8 = 54.7348* .
Then using elliptic integral tables yields
K(p)=2.1565 and F(p,¢B)= 1.0783,
K(p)-F(p,¢B) = 1.0782-'- 1.0733 .
Now, using these values, h = 242.06 in and L = 139.754(2.1565) = 301.38 in and the horizontal
deflection is
_h = 150-242.06 COS (54.7348) = 10.244 in.
Two additional terms are evaluated from the elliptic integral tables for the vertical deflection
E(p) = E(0.86603) = 1.2111 ,
E(p,_B) = E(0.86603,54.7348 °) = 0.8555,
therefore
5v = 2(139.754){0.8555-0.5(1.0782)-1.2111+[301.38/(2)(139.754)] }= 51.3 in.
According to linear theory, the vertical deflection would be
5v = _ = 57.6 in ,
and, of course, the horizontal deflection is zero. The explanation for the larger linear deflection is that
when the load increases gradually from 0 to 5 lb the bending moment is not increasing at the same rate
since the horizontal movement of the end of the cantilever is toward the fixed end. The linear theory, on
the other hand, ignores the nonlinear relationship between load and bending moment. This is why the
principle of superposition is not valid when applying the exact theory. The exact bending moment is
Mmax = P(LI-(Sh) = 5(150-10.244) = 698.78 in-lb ,
and the maximum bending stress is
M maxC
O'max = -T- = 26,833 lb/in 2
For comparison purposes, this problem was solved using the finite element computer code SPAR. 5 Input
data and results are contained in appendix A. Maximum deflection, moment, and stress results are
5_=50.72in and 5h=10.72in .
Mmax = 696.4 in-lb and O'max = 26,742 lb/in 2 .
There is less than 5-percent difference in the results of the two methods.
4
CASE H: Deflection of a Cantilever Beam With a Follower Load P, at the Free End,
Whose Line of Action Remains Perpendicular to the Beam Axis 3
The classical analysis of this case rests with the solution of
d2O
E1 _ - P1 cos _ - P2 sin 0 = 0 ,
where P1 = P sin 08 and P2 = P cos 08, _ is the rotation of any point along the beam and 08 is the angle
from the horizontal axis of the line of action of P. The classical solution to this problem is given below,
omitting the derivation. 3 The horizontal deflection at any point along the length of the beam is
_x = 1 {cos 0 s [F(p,m)-F(p,n)+2E(p,n)-2E(p,m)]+2p sin 0 s (cos m - cos n)}
and the vertical component is
fir = i {2p cos 0 B (cos m - cos n) - sin 0 B [F(p,m)-F(p,n)+2E(p,n)-2E(p,m)] } .
The maximum horizontal deflection at the free end (from the fixed end) is
x¢ = 1 {cos 0 B [F(p,m)-K(p)+2E(p)-2E(p,m)]+2p sin 0 B cos m} ,
and the maximum vertical deflection is
Yc = fi,, = 1 {2p cos 0 Bcos m - sin 0 B [F(p,m)-K(p)+2E(p)-2E(p,m)] } ,
where
as in case I. For this case
/
p = -sin -_ (0 B+ y) ,
where
0 B+y = -90 ° ,
and y is the rotation at the free end relative to the horizontal axis. Also
m = sin-1 [- 1 sin 1 0 B] ,
and
n = sin-I [- 1 sin 1 (0 B+0)I ,
where _ = y and cos n = 0 at the free end. E(p) - Legendre's complete elliptic integral of the second
kind and E(p,m or n) ---Legendre's elliptic integral of the second kind
5
ofnE(p,m, orn)= (l-p2 sin2 _) dCJ
J0
The solution to this problem can be found by applying the principle of elastic similarity 3 and is
presented in the following, omitting some derivation. The length of the beam (deformed or undeformed)
is found to be
1 = _ [K(p)-F(pcn)] .
J
L
The horizontal and vertical components of the deflection of a point Q(x,y) along the beam can be found
in terms of the _,-coordinate system. The quantities r and q in the x'y'-coordinate system are given as
r = 1 [F(p,m)-F(p,n)+2E(p,n)-2E(p,m)] ,
where p, m, and n are defined above. At the free end of the beam, point C,
rc = 1 [F(p,m)-K(p)+2E(p)-2E(p,m)] ,
q = h(cos m - cos n) = 2p(cos m - cos n)lk ,
and at the free end
Hence, at any point Q
At point C, the free end
and therefore
2p
qc = _ cos m .
S_=rcosOB+qsin8 B ,
3r=qcosOB-rsinO B .
Xc= rccos O s + qc sin O B ,
_ h = LI-xc ,
Yc = _ v = qc cos 0 B- rc sin 0 8 •
The geometrical representation of most of the above variables is shown in figure 2.
An example problem will now be solved to demonstrate the application of these equations. Find
the vertical and horizontal deflection at the end of a cantilever beam 20 inches in length with a 0.2 inch
square cross section and loaded by a force of 5.347 lb at the end which remains perpendicular to the axis
of the beam. The material modulus of elasticity E of 10xl0 6 lb/in 2.
bt 3
1 = -_ = 1.3333x10 -4 in 4 ,
OB+7= -90 °, which implies that the load remains perpendicular to the beam axis
6
and
p = -sin ½ (0 B+)') = 0.7071 ,
k = _/= 6.3327×10 -2 in -1
Figure 2. Case II variables and geometry. 2
Now the equation for length L1 may be solved for the angle 0B.
L1 = 15.791 [K(p)-F(p,m)] = 20 .
K(p) = K (sin -1 p) = K(45 °) = 1.8541 from complete elliptic integral table
F(p,m)= 1.8541 20 =0.58755615.791
This relationship is satisfied if m = 32.765 ° from tables of elliptic integrals of the f'trst kind. Therefore,
knowing p and rn, from the elliptic integral tables
E(p,m) =.0.55692 ,
E(p) = 1.3506 ,
and from the equation for m, 0B = --45* which means that the rotation of _, of the free end is equal to
--45*. Now all the terms are available to evaluate rc and qc
rc = 5.066,
7
qc = 18.77885 .
Using the absolute value of OB, Xc, and Yc are calculated to be
Xc 5.066(0.7071)+18.77885(0.7071) = 16.861 inches
and
6h = 20.0-16.861 = 3.139 inches
Yc = &, = 18.77885(0.7071)--5.066(0.7071) = 9.696 inches.
The bending moment Mmax at the fixed end is equal to Pqc.
Mmax = 5.347(18.77885) = 100.41 in-lb.
This problem was solved using the finite element computer code SPAR. 5 A follower force was applied
at the free end of the beam. Input data and results are contained in appendix B. Maximum deflection,
bending moment, and stress results are
&, = 9.697 inches and
Mmax = 100.42 in-lb and
Sh = 3.137 inches ,
(Irmax = 75,310.0 lb/in 2.
There is no significant difference between the results of the numerical and exact theoretical, methods for
this example.
CASE HI: Deflection of a Cantilever Beam With Uniformly Distributed Load
Whose Direction Remains Vertical 4
In this case, as in the previous cases, only beams of uniform cross section are considered. The
basic assumptions are that the deformations are elastic and that the bending does not alter the length of
the beam.




gives, with the origin at the free end of the beam,
dM = -ws cos 0 = E1 d20
ds ds 2 '
where p is the deflected beam curvature, 0 is the rotation, s is the distance to any point along the length,
M is the bending moment, E is the modulus of elasticity, I is the cross sectional moment of inertia, and w
is the load per unit length.
This equation does not lend itself to any simple solution, therefore let
8
Theboundaryconditionss = 0, 0 = tr., dO/ds = 0 give ao = tx; al = 0. Then
d:O WS (cos a cos T_ sin o_ sin T) T= _ ans _ ,
ds : = - -g-[ ' ,=2
where tx is the rotation of the beam at the free end.
Expand cos T and sin T as
T 2 T 4 T 6
cosT= 1 --_.I + 4! 6!
T s T s T 7
sin T = T--_-. + 5! 7!
d20
and substitute into the previous equation. Equating the two expressions for _ and substituting the
above expression for T, the coefficients an may be determined by equating like coefficients of s. The
coefficient a2 of the constant term is equal to zero. Coefficients of s through s 7 are:
w cos ct (coefficient of s)
as =- 6EI '
a 4 = a s = 0 , (coefficients of s 2 and s s)
0 6 --
a3w sin a _ w 2 sin a cos a
30El 180E 212
, (coefficient of s 4)
a 7 = a s = 0 , (coefficients of s 5 and S 6)
and
Thus,
Since dy/ds = sin 0,
a6w sin a (coefficient of s 7)
a 9 - 72EI '
ash+4 = as,+s = 0 for n = 0, 1, 2, 3 ..... (ref. 4)
0 =Ct+ £ asks 3k .
k=l
y = sin 0 ds = 7"1sin o_ + T l cos _ ,
T 1 =s
a2s 7 asa6 sl°
14 10 ....
ass 4 a6 $7
T2 = ----_ + ----_-+




x = T l cos ot - T 2 sin a .
Finally, solving for M in the Bernoulli-Euler equation and differentiating the expression for 0
with respect to s gives
M = E1 _ 3ka3ks 3k-l ,
k=l
- _ a 3kZ 3k ,Ot
=1
where, for this case, the imaginary beam length is zero and L is the actual beam length. With s = L, a =
wL316E1, the first approximation to the maximum deflection is
-,. 1 _,. wL 4
y - s sin a + _- a3s4 cos a - _ , (sin ot -'- a and cos a -'- 1)
and the moment is
Mmax ± EI(3a3s 2) ± wL 2
2 '
which are in agreement with small deflection theory.
The following example illustrates these equations. Given a thin cantilever beam 20 inches long
and constant cross section of 0.2 inches square, find the uniformly distributed load which causes a 1.0
radian rotation at the free end and find the maximum deflection and stress for that load. The modulus of
elasticity is 10× 106 lb/in 2.
bt 3
I = -_ = 1.333x10 -4 in 4 ,
is the area moment of inertia and
=-_a3kL3k=-a3L3-a6L6-a9L9...
k=l
wL 3 cos o_ w 2L6 cos t:t sin Ot w 3L 9 cos o_ sin 2 ot
6El + 180E212 + 12,960E313 ....
wL 3
Let _" = _ and substitute in the above equation. After moving ct to the fight hand side and dividing by
cos o_ sin 2 t_ the expression is
12,960
_.3+ 72 _.2+ 2,160 _._ 12,960a =0 .
sm_--ff sin 2---_ sin 2 o_ cos a
Solving this equation for _"with a = 1.0 radian gives (= 8.7422. Therefore, the uniformly distributed
load w is equal to 1.45667 lb/in. Continuing with the solution
10
a3 =-9.84x10 -5 ,
a6 =-3.01623×10 -9 ,
a9 = -3.852139×10 -14 ,
and
T_ = 20.0--0.88526--0.30392 = 18.81082
T2 = -3.936-0.55154+0.12316 = -4.36438.
Hence, the maximum vertical deflection is
YL = _ = 18.81082 sin (1.0) + (-4.36438) cos (1.0) = 13.47 in.
The horizontal distance of the free end from the fixed end is
XL = 18.81082 cos (1.0) - (-4.36438) sin (1.0) = 13.836 in.
Therefore, the maximum horizontal deflection is
_h = 20.0-13.836 = 6.164 in.
The bending moment at the fixed end is
Mmax = El(3a 3L 2+6a6L S+9a9L S+...)
= 1.333x103 (-0.11808-0.05791-0.00888)
= -246.43 in-lb .
Thus, the maximum bending stress is
MmaxC
°'max = -T- = 184,822.5 lb/in 2
The SPAR 5 finite element results are:
By= 13.314in ,
h = 6.0485 in ,
and
Mmax = -227.27 in-lb .
The difference in sign is due to the different coordinate system origins. Note that the finite element
results are all less than the closed form solution with the largest difference being in Mmax (" 8 percent).
This difference may be reduced if the total load (wL = 29.13 lb) is concentrated at midlength and
11
multiplied by thedeformeddistanceto thefixedend(8.225in) to give Mma x = -239.62 in-lb. Complete
results are contained in appendix C.
These may be compared with linear beam theory results:
=21.8555 in,
t_h = 0.0 in,
and
Mmax = 291.33 in-lb.
SUMMARY
Solutions obtained by the methods presented in this paper are accurate, but lengthy and time con-
suming. Therefore, the following nomograms, for cases I, II, and nI, are presented in figures 3, 4, and 5,
respectively, for the analyst who requires a faster but less accurate result. They are derived from the
closed-form solution equations. Abscissa (x-axis) and ordinate (y-axis) values are nondimensional.
pL 2
Abscissa parameters are noted in the legend to the right of each nomogram. Ordinate values are --_ for
figures 3 and 4 and _ for figure 5. The parameter L for both axes is equal to the actual beam length
L1. See the list of symbols for parameter definitions.
Finite element method results are nearly identical to the closed-form solutions as shown in all
three cases. This instills confidence in each method.
Other load cases for which closed-form solutions were found are thermal, 6 two concentrated
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Case I Finite Element Model Input and Results
17
*XQT TAB
START 51 2 4 65
TITLE'LARGE DEFLECTION OF CANTILEVER BEAM WITH VERTICAL END FORCE
JLOC$
I o. o. o. o. o. 15o. 51 15
MATC$




DSY 1 3.2559--1 0. 3.2552-3 0..625 1.302-25.25X2.5 RECT
i. 1. I. .125 1.25 .125 -1.25 -.125 1.25 -.125 -1.255
CONS=IS
ZERO 1 3 5:15
*XQT ELD
E21$






!SSMIN=. I$MINDMIR_ STEP SIZE
*XQT AUS
ALPHA:I CASE TITL 35
I'VERTICLE FORCE REMAINS VERTICLE AT JOINT 51,WL**2/EI=I.152
$1'FORCE FOLLOWS ROTATION OF JOINT 51, (WL**2/EI)=I.604
SYSVEC :2 APPL FORC :I=l :J=51 :-5. 0005 (WL**2/EI) =i •152
$SYSVEC :2 FOLL FORC :I=l :J=51 :-5. 34705 (WL**2/EI) =i. 604
$1'SLB FORCE APPLIED AT 45DEG TO BEAM
$SYSVEC:2 APPL FORC:I=I:J=51:-3.5355:I=3:J=51:-3.53555
*CALL(18 NL JCL)
*CALL(GNA MAIN)$PERFORM NONLINEAR ANALYSIS
*CALL (GNA MOTI) $COMPUTE NONLINEAR DISPLACEMENTS
*CALL(GNA REAC)$COMPUTE NONLINEAR REACTIONS
*CALL (GNA PCH) SPRINT CONVERGENCE HISTORY
*XQT VPRT
FORMAT--4$
TPRINT NONL MOTI 3 i$














































































































































































































































































































































































































































Case II Finite Element Model Input and Results
21
*XQT TAR
START 21 2 4 65
TITLE 'LARGE DEFLECTION OF CANTILEVER BEAM WITH FOLLOWER END FORCE
JLOC$
1 0. 0. 0. 0. 0. 20. 21 I$
MATC$




GIVN 1 1.333-4 0. 1.333-4 0..04 2.2S_-45.2X.2 PaCT
CONS=IS
ZERO 1 3 5:15
*XQT ELD
E215




ALPHA:I CASE TITL 45




TPRINT 2 FOLL FORC i$
*XQT U1
* (GNA OPTIONS) $
!SS=.255INITIAL STEP SIZE
!SSMIN--. ISMINUMUM STEP SIZE
*CALL(18 NL JCL)$
*CALL (GNA MAIN) $PERFORM NONLINEAR ANALYSIS
*CALL (GNA MOTI) $COMPUTE NONLINEAR DISPLACEMENTS
*CALL (GNA REAC) $COMPUTE NONLINEAR REACTIONS
*CALL(GMA PCH)SPRINT CONVERGENCE HISTORY
*XQT VPRT
FORMAT-4$
TPRINT NONL MOTI 4 i$






















































































































































START 21 2 4 65
TITLE 'VERIFY CANT. BEAM WITH UNIFORM DIST. LOAD LARGE DISP.
JLOC$
1 0. 0. 0. 0. 0. 20. 21 i$
MATC$




GIVN 1 1.333-4 0. 1.333-4 0. .04 2.256-45.2X.2 RECT
CONS-IS
ZERO 1 3 5:15
*XQT ELI)
E215




ALPHA=I CASE TITL 45
1'UNIFORMLY DISTRIBUTED LOAD, (WL**3/EI)-8.74225
SYSVEC:2 APPL FORC:I=I:J-I:21:-.728335:J=2,20:-I.456675(WL**3/EI)=8.7422
$SYSVEC :2 APPL FQRC :I-I :J-ll :-29. 13345 (WL**3/EI) -8. 7422
*XQT VPRT
FORMAT -4 $
TPRINT 2 APPL FORC I$
*XQT U1
* (GNA OPTIONS) $
!SS=.255INITIAL STEP SIZE
!SSMIN-. I$MINOMUM STEP SIZE
*CALL(18 NL JCL)$
*CALL(GNA MAIN) $PERFORM NONLINEAR ANALYSIS
*CALL(GNA MOTI) $COMPUTE NONLINEAR DISPLACEMENTS
*CALL(GNA REAC)$COMPUTE NONLINEAR REACTIONS
*CALL(GNA PCH)$PRINT CONVERGENCE HISTORY
*XOT VPRT
FORMAT,,4 $
TPRINT NONL MOTI 4 i$
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